3.3. Chudi Fourier

Trong céc bai toan k¥ thuat, cac biéu dién tin hiéu. .. ta thudng gap cac hién
tugng tuan hoan, di nhién biéu dién chung 1 cac ham tudn hoan. Ham tuan hoan
don gian nhit c6 dang

A, sin(nwt + ¢@,),n=1,2, ...

ching biéu dién cac dao dong diéu hoa cd chu ky T = 27 va bién do A,.

Tong hai ham dao dong 1a mot ham dao dong, qui nap Ién tong cac ham
dao dong 1a mot ham dao dong. Van dé dat ra néu c6 mot ham g(t) tuan hoan chu

ky T = Zf, c6 thé khai trién duoc dudi dang
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Trong d6, ag=2A, an=ArSIin ¢n, bn=AnC0Sen, f(X) c6 chu ky 2.
3.3.1. Khadi ni¢m
a) Chuéi lrong gidc

Chuoi lugng giac 1a chu6i ham s6 c6 dang

a = .
—2 + > (a, cosnx+ by sin nx) (3.7)
n=1
Trong d6 ao, @an, b, 1a cac hing s6. S6 hang tong quat
Un(X)=ancosnx+b,sinnx 1a mot ham sé tudn hoan chu ky 27” lién tuc va kha vi moi

cap. Néu chudi (3.7) hdi tu thi tong ctia né 1a mot ham sé tuan hoan chu ky 2.



b) Chudi Fourier
Bo dé:
Ta thira nhan mot s6 két qua sau day dé xay dung cong thirc chudi Fourier
chur khong chung minh. Véi Vp,KeZ ta c6 cac hé thirc:
s

f sinkxdx = 0 (3.8)
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J coskxsinpxdx = 0 (3.10)
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J sinkxsinpxdx = {n, k=p (3.12)
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Gia str ham f(X) tudn hoan chu ky 27, kha tich trén doan [-7t, 7] ¢6 thé khai
trién dugc trén doan [-xt, 7] thanh chudi lugng giac dang:
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flx) = 70 + Z(ancosnx + b, sinnx) (3.13)
n=1
Pé tinh ay, ta 14y tich phan tir - dén = ctia dang thirc (3.13) ta ¢6
+71T Vs + 00
a
j flx) = j 70 + Z(ancosnx + bnsinnx)] dx (3.14)
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Tur cac cong thue (3.8) va (3.9), suy ra
T

Jf(x)dx = a,.T,

vay,
T

1
Qo =— jf(x)dx. (3.15)
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Pé tinh an, ta nhan dang thuc (3.13) véi coskx roi ay tich phan tir - dén n
két hop cac cong thue (3.11) va (3.12) ta suy ra
Vi

a, =% Jf(x)cosnxdx n=12..) (3.16)



Dé tinh by, ta nhan dang thire (3.13) v6i sinkx rdi 14y tich phan tir - dén n
két hop cac bo dé (3.11) va (3.13) ta suy ra
T

b, =% Jf(x)sinnxdx n=12..) (3.17)

Céac hé sb ag, a1, az...., by, by,..... duoge xac dinh theo céc cong thirc (3.15),
(3.16), (3.17) duoc goi 1a cac hé sb Fourier cia ham sé f(x). Chudi luong giac
trong d6 cac hé s xac dinh nhu trén dugc goi 1 chudi Fourier ctia ham f(x).

Vén dé dat ra by gio véi diéu kién nao chudi Fourier ciia ham f(x) hoi tu
va c6 tong bang f(x), tic 1a véi diéu kién nao thi ham f(x) khai trién duoc thanh
chudi Fourier.

c) Dinh ly Dirichlet

Néu ham s6 f(X) tudn hoan chu ky 27, don diéu ting khuc (c6 hitu han diém
gian doan loai 1) va bi chan trén doan [-7,] khi d6 chudi Fourier cua ham s6 f(x)
hoi tu tai moi diém ham lién tuc. Tong S(X) cua chudi bang f(X) tai nhiing diém
f(xo4+)+f (X0-)
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Cac diéu kién néu trong dinh 1y nay duoc goi la diéu kién Dirichlet.

Vi du 3.18:

Cho ham sé f(X)=x; xe[-n, nt]; ¢6 chu ky 2n. Khai trién ham trén thanh
chudi Fourier.

Ham sb da cho thoa man cac diéu kién cia dinh 1y Dirichlet nén khai trién
duoc thanh chudi Fourier.

ham lién tuc, tai nhiing diém gian doan loai 1 Xota cd S(x,) =

aozijxdx:o I
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Vay,
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fx) = z - (—D)™*sinnx.
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Tal x = £m, tong cua chué?béng 0.
Vidu 3.19:

Cho ham s6 f(x) = {

thanh chudi Fourier. . )
Ham s6 da cho thoa man cac di€u kién cua dinh ly Dirichlet nén khai trién
duoc thanh chuoi Fourier. R

0 —m<x<0
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¢6 chu ky 2n. Khai trién ham trén
0<x<m Y

y
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_J;f (x)dx = ;J;3dx= ~3x
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a, = 1 _[f(x) cosnxdx = chosnxdx = isin nx
T T nm

b, = 1 Jf(x)sin nxdx = E.[Iasin nxdx = —icosnx
n—n n 0

nmw nm

Vay,f(x) = % + Y % (1 — cosnm)sinnx.

: A ) X: 13 3
Tal x = £m, tong cua chudi bang >

:—i(cosnn—l)

- Khai trién ham chan c¢6 chu ky 2x (thod man cac diéu kién dinh ly

Dirichlet)

Khi f(x) 1 ham chan thi f(x).sinnx 1a ham 1é nén b, = % f_nn f(x)sinnxdx =

0 Vn, vy chudi Fourier chi con lai cac hé s6 ao Va an.
Ta co:

2 i
ap = Eff(x)dx
0
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an = — f f(x)cosnxdx
0

Khi d6 chudi Fourier ctia ham f(x) c6 thé viét lai:
400

Qo
f(x) = > + Z a, cosnx

(3.18)

Chubi (3.18) con dugc goi 1a khai trién ham f(X) dang toan cosin.

Vi du 3.20:

Khai trién Fourier cta ham f(x)=[x| trén doan [-r,x]; ham c6 chu ky 2.
Ham trén thod man céc diéu kién cia dinh 1y Dirichlet nén khai trién duoc

thanh chuoi Fourier.

Vi f(x) 1a ham chén nén b,=0 V¥n; s
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Ham f(x) khai trién thanh chudi Fourier:
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f(X)=—+
0 2 nzllnzﬂ

(cosnz —1)cosnx



- Khai trién ham cé chu ky bat ky (21)
Gia su ham f(X) co chu ky 2l, don di€u timg khuic va bi chan trén doan [-I,
I] trong @6 | 1a gia tri dwong bat ky, khai trién Fourier ciia ham f(X) c¢6 dang:

f(x) =a—2°+2(an cosnl—”x+bn sinnl—”x)
=1

(3.19)
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Véi, o7 ff(x)dx (3.20)
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an =7 E f(x)cosTxdx (vn=1,2,...) (3.21)
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1 (! o
b, = Tf f(x)SlnTxdx (vn=1,2,...) (3.22)
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Vidu 3.21:
R -2 —4< 0
Cho ham f(x) ={ =% ¢6 chu ky 21=8 (I=4)
2 0<x<4
Khai trién ham thanh chudi Fourier.
Giai:

Str dung cac cong thic tinh hé s6 (3.20), (3.21), (3.22):
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Qo =7 jf(x)dx=0
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an =7 ff(x)cosrxdx =0
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(Vi f(x) 12 ham & nén £ (x).cos " x ciing la ham 1¢).
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n=7 f(x)sm4xx—4 Sin—-xdx = ——— oS X/
—4 0
= ——(cosnm — 1).
nm
Vay chudi Fourier ctia ham f(X):
4 nm
flx) = Z — (1 — cosnm)sin—x.
nm 4

n=1
3.3.2. Khai trién ham bt ky thanh chuéi Fourier
Gia str f(x) 1a ham s6 thoa man cac diéu kién cua dinh 1y Dirichlet trén doan
[a, b]. Mudn khai trién f(x) thanh chudi Fourier, ta xay dyng ham tuan hoan g(x)
¢6 chu ky 16n hon hay bang d6 dai doan [a, b] sao cho:
g(x)=f(x) vxe [a, b]



Neu ham sd g(x) co thé khai trién dugc thanh chudi Fourier thi tong cua
chudi bang f(X) véi moi x thudc [a, b], trir tai nhiing diém ham sb glan doan.

RO rang chung ta c6 nhiéu cach dé xay dung ham g(x) nhu vay. Véi moi
ham sO g(x) ta c6 mot chudi Fourier tuong ung, do do ta co nhiéu chudi Fourier
bleu dién ham f(X) trén doan [a, b]. Néu f(x) 1a ham chén, thi chudi Fourier chi
gdm nhiing ham s6 cosin (ta g01 1a chudi toan cosin); néu f(x) 12 ham 18, thi chudi
Fourier chi gdm nhitng ham sé sin (ta goi 1a chudi toan sin).

Vi du 3.22:

Cho ham f(x) = g voi 0<x<2, khai trién ham thanh chudi Fourier.

Giai:

Ta khai trién Fourier cia ham ¢ dang toan cosin.

Xay du’ng ham g(x) nhu sau:

glx) = |x| xe(-2, 2), co6 chu ky 21=4.
RO rang g(X) 1a mot ham chan va g(x)=f(x) ¥x<(0,2). g(x) 1a ham chin nén
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vay chudi g(x) :§+Zm(cosn7z—l)cos7x,
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Ta ciing c6 thé xem trong khoang (0, 2):
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f(x)——+Z (cosnn 1)cos7x



